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Abstract

Nonholonomic dynamics is a principle to extend Lagrangian mechanics to incor-
porate constraints on velocities. Such “no slipping” constraints often show up in
mechanical systems and it is natural to think of them as enforced by contact friction
forces.

Think for example of a car with rolling tires: it can only move forward and turn
by steering, but not directly slip sideways. Physically, one can view this slipping as
being prevented by a strong contact friction force, which could be overcome when
the force is smaller, for example on an icy road surface.

I will introduce the principle of nonholonomic dynamics and then show how it
indeed can be viewed as a limit of infinite (viscous) friction forces. I will do so by
explicitly treating a simple example system, the Chaplygin sleigh, to illustrate this.

Reference literature:

e A good advanced undergraduate level introduction to classical mechanics
is [Arn89]; for a more advanced and geometrical text, see [MR99).

e For a graduate level introduction to nonholonomic systems, see [Blo03].

e For more background material on the theory needed to prove this limit,
see |EId13| chapter 1, especially example 1.7 and section 1.6 (up to subsec-
tion 1.6.1). Available at http://www.jaapeldering.nl/includes/get.php?
file=NHIM-noncompact-book.pdf

In these lectures, I will show how a mechanical system with nonholonomic constraints can
be viewed as the limit of an unconstrained system with additional friction forces. When
the friction forces are scaled to infinity, the nonholonomic system is recovered.

The exposition is aimed at advanced undergraduate and beginning graduate students.
I will assume little to no prior knowledge in differential geometry and stick to explicit
coordinate formulations; at a few times these are put in an abstract geometric context, but
it should be possible to ignore these minor abstractions. I will assume a basic knowledge
of mechanics and briefly review Lagrangian mechanics. Then we shall define nonholonomic
dynamics and treat the Chaplygin sleigh in detail.

Finally, I will show how this system can be obtained from a freely moving sleigh, but with
friction damping sliding motion normal to the single skate of the sleigh. Time permitting,
I will indicate how this idea can be generalized to arbitrary nonholonomic systems and be
rigorously proven.


http://www.jaapeldering.nl/includes/get.php?file=NHIM-noncompact-book.pdf
http://www.jaapeldering.nl/includes/get.php?file=NHIM-noncompact-book.pdf

1 Lagrangian mechanics

Lagrange’s formulation of mechanics is an alternative to Newton’s equations. This
method has the advantage that the equations of motion can be derived with any choice of
coordinates, so one can choose the coordinates that best match the system. For example
polar coordinates in a rotationally symmetric problem.

Lagrange mechanics starts with a Lagrangian, which is a real-valued function that depends
on the position and velocity of the system (and possibly on time too). This function,
normally denoted by L, expresses the kinetic minus the potential energy of the system.
That is, for a simple mechanical system of a particle in a potential, we have

Lw,0) = gmllol = V(@) ()

Here, x € R™ is the position of the particle, v = & € R" its velocity, and V is the potential
energy. For a single particle, we would typically have n = 2 or n = 3, but we could
also describe many particles, say N, in three dimensions by setting n = 3N and using
(3541, T3i42, T3i13) € R? to describe the position of the i-th particle.

Now Lagrange’s equations of motion are given by

doL oL
dt an 8% n

0, for 1 <i <n. (2)

Ezxample 1.1. For a particle in the Earth’s gravitational field we have V(z) = —m g x3,
where x3 measures the height of the particle. Then we obtain

d(muvy) 0
a7
d(mwvsy) _o,
dt
d(mwv
(mvy) +mg=muvs+mg=0.
dt
Thus, we see that the horizontal components of the velocity, (v1,vs), are constant and in
the vertical direction we have &3 = —g, so we obtain a parabola, just as expected. O

The nice thing about Lagrange’s formalism is that it works for any choice of coordinate
system: simply construct the Lagrangian L as function of kinetic minus potential energy
with respect to these coordinates and calculate the equations of motion This even works
for time-dependent coordinate systems. The next exercise shows how one can relatively
easily derive the apparent forces in a non-inertial, rotating coordinate frame.

Erercise 1.2. Express the Lagrangian of a free particle in the plane (i.e. [(1)] with n = 2
and V' = 0) in a rotating frame with angular velocity w. That is, substitute

v=R(t)-y  with R(t) = (Z?EEZ g _igéii 2)

and calculate and substitute the associated velocity w = g to obtain the transformed,
time-dependent(!) Lagrangian L(y,w). Next, show that the Lagrange equations for L
are given by

W= 20 -w+wy  withQ= (g _O“).
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Here (2 is the generator of rotation, that is, R(t) = e!’. Note that the first term on the
right-hand side is the Coriolis force and the second term the centrifugal force.

That Lagrange’s equations give the correct equations of motion in any coordinate
system stems from the fact that they can be seen as a ‘variational derivative’ of a functional.
That is, let 2(t) € R™ be any C? curve on the interval [a, b], and define the so-called action
functional

S(z) = / L(z(t), (t)) dt. (3)

Lagrange showed that equations appear as the variational equations for this functional.
That is, a curve z(t) extremizes S precisely if it satisfies . Since this property is
coordinate invariant, it follows that the Lagrange equations yield the correct equations of
motion in any coordinate system. For more details, see e.g. [Arn89, Chap. 3].

Since Lagrangian mechanics can be expressed with respect to any coordinate system, one
often talks of using ‘generalized coordinates’ instead of traditional Euclidean coordinates.
Such coordinates are conventionally written with the letter ‘q’; we shall adopt this
convention from now on.

The following theorem is an important result in physics.

Theorem 1.3. When the Lagrangian L does not explicitly depend on time, then the energy
function

(a.0) = 24,000~ L(g.) (@)

18 a conserved quantity. That is, it is constant along solution curves of the Lagrange
equations.

Proof. Let q(t) be a solution curve of [2)] We do a direct calculation:

%h(q(t), (1) = %‘3—5 -q(t) + g—ﬁ - G(t) — %L(q(t), q(t))
= )+ G0 = Sl — 5

In the last step we used that ¢(t) satisfies the Lagrange equations, thus the term in
parentheses is zero. m

The Lagrangian can only incorporate potential forces, i.e. force functions F that are
(minus) the gradient of a scalar potential V', that is,

ov
F(q) = ——.
(@) =-7 .
Other, non-potential forces can be included in the Lagrange equations as
doL 0L
——— ——=F . 5
G e = Flaw) 5

These forces can also depend on velocities, for example in case of friction. However,
Theorem does not apply anymore when extra forces are added.
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Remark 1.4. Lagrangian mechanics can also be defined on manifolds, that is, on spaces
which cannot globally be viewed as R", only locally. Examples of such spaces are the
sphere, S?, and the space of rotation matrices, SO(3). On a manifold @, the Lagrangian
is a function

L: TQ — R,

where T is the tangent bundle of (), consisting of points and all possible velocities at
these points. The Lagrange equations can then naturally viewed as a map

dtovi g

(d oL aL) dgi: TTQ — T*Q,

where the dg’ are elements dual to velocity vectors (they measure their components) that
live in the cotangent bundle T*(). For the main part of these lectures we shall stick to
explicit coordinates, where these details can mostly be ignored. O

2 Nonholonomic dynamics

Lagrangian (as well as Newtonian) mechanics describes the motion of a system on a certain
manifold ) where all possible velocities are allowed. However, in real life this is not always
true. For example, consider a ball rolling without slipping on a flat surface. Unless the
ball moves horizontally, it can only rotate around its vertical axis. However, by rolling it
along a small square on the surface, we can return it to its original position but with a
different orientation that is not a rotation around its vertical axis. Another example is
parallel parking. A car can only move forward, backward and turn, but not sideways. Still,
by maneuvering we can effectively move it sideways to park it into a parking bay.

We call such systems ‘nonholonomically constrained’: even though all positions ¢ in the
system are reachable, not all velocities are allowed.

Figure 1: A rolling ball. Figure 2: A rolling disc.

Ezxample 2.1 (Rolling ball).
A ball rolling on a flat surface is described by the position of the point of contact with the
surface and the orientation of the ball, that is, @ = R?* x SO(3). The rotational velocity
(which can be viewed as a vector w € R?) fixes the horizontal velocity (v € R? with vz = 0)
via the constraint

v="rw X es.

Here e3 is the vertical unit vector and r the radius of the ball. O



Ezxample 2.2 (Rolling disc).

A vertical disc on a surface is described by the position of its point of contact, the direction
along which it can roll and its rotation about its center. Here we have natural coordinates
q=(z,y,0,0) € Q=R?x S x S and the constraints are given by

(T,9) = (cos(cp),sin(gp))é. O

In general a nonholonomic system is a system which has constraints that depend on the
velocities (and positions) of the system. For simplicity we shall only consider constraints
that are linear in the velocities — this is also the most common case in mechanical systems.
This can be expressed geometrically by saying that the pair of position and velocity of the
system must lie in a subspace, a ‘distribution” D within the tangent bundle:

(qg,v) € D C TQ. (6)

More explicitly, the constraint set D can be described by a k-tuple of (local) constraint
functions C': TQ — R* that are linear in the velocities. In the rolling disc example we
would have :
. N & — cos(p)0 9
Clq.q) = Clz,y,.0,3,9,$,0) (Q_Smw))g) S
and D = {C(¢,¢) = 0}.

For systems with nonholonomic constraints we can still write down a Lagrangian L, but
we cannot simply use the Lagrange equations anymore. In general these would give rise to
solution curves that violate the constraints, i.e.

(a(t),4(t)) € D (7)

would not need to hold all the time. Thus, we need to modify the Lagrange equations to
guarantee that the solutions satisfy the constraints. To this end, we add a constraint force
F. to right-hand side of the Lagrange equations that enforces to hold. This does not
completely determine F, as we can always add a term that is tangential to D,, the allowed
velocities at the current position g. Thus we also impose d’Alembert’s principle.

Hypothesis 2.3 (d’Alembert’s principle).
The constraint forces F. do mo work along movements that are compatible with the
constraints. That is, for any (q,v) € D we have that F, -v = 0.

With d’Alembert’s principle we obtain unique, well-defined equations of motion that
generate solutions that satisfy the constraints. These extended equations are called the
Lagrange—d’Alembert equations, and can be written in abstract form as

—— - —eD° /) €D
G0 9D (¢,4) € D, (8)
or in more explicit form as
d oL OL ; 0C; o
a%—a—q = 90 C(q,9) = 0. (9)

Here the \; are Lagrange multipliers that must be solved for together with solution ¢(t),
and the constraint force is given by F, = A\ 9t



Remark 2.4. When the constraint functions C' only depend on the position ¢, the constraint
is called ‘holonomic’. In that case, the same equations of motion can also be obtained by
restricting the Lagrangian to the submanifold Q = {C' =0} C @ and solving the normal
Lagrange equations on TQ. O

Also in nonholonomic systems we have energy preservation.

Theorem 2.5. Let (L, D) describe a nonholonomically constrained Lagrangian system.
When the Lagrangian L does not explicitly depend on time, then the energy function

Hig.v) = S (a,0) -0~ Lig.0)

1 a conserved quantity.

Proof. We can repeat most of the proof of Theorem verbatim. There we found that

Shlal).d(0)) = (5% - a—q) (1),

Now we use that ¢(t) satisfies the Lagrange—d’Alembert equations @, which means that
we can substitute

L hia(t),d) = F-d(t).

dt
but ¢(t) must satisfy the constraints and by the d’Alembert principle, the constraint force
Fo does no work on such velocities. O

3 The Chaplygin sleigh

The Chaplygin sleigh is a simple, but interesting example of a mechanical nonholonomic
system. The sleigh is a body that can move on the plane, but one of its contact points is
a skate, see Figure [3] The skate contact point can only move in the direction along the
blade of the skate, not in the perpendicular direction. The other contacts can move freely
without constraint. The center of mass is located a distance a away from the skate contact
point along the line of the blade.

z

Figure 3: A Chaplygin sleigh: the left red dot is the point of
contact of the skate, the right red dot is the center of mass.

We describe the system with coordinates (z,y) € R? for the skate contact poimﬂ and
¢ € S! the angle of the skate blade with the x axis. Assume the sleigh has total mass m

Tt might seem more natural to choose the (x,%) coordinates for the center of mass. However, this
choice turns out to yield simpler equations, so we use this foresight.



and moment of inertia I about the center of mass. To construct the Lagrangian, we first
express the center of mass point as

(e, ye) = (2,y) + a(cos(¢), sin(p)).
Then the Lagrangian is given by

= Im (a2 +§?) + 3197 o)
= %m(a’cz +9°) + %(I + ma®)¢* + magp(—i sin(p) + g cos(p)).

The velocity parallel and perpendicular to the skate are given byE|

v=1cos(p)+ ysin(yp),
w = —&sin(p) + y cos(p).

Thus the constraint is described by the function
Clg,q) == w = —sin(p) + g cos(p),
since C'(q,q) = w = 0 says that the skate cannot move sideways.

It is now a straightforward exercise to calculate the Lagrange—d’Alembert equations @
We find for each of the coordinates x,y, ¢ and their associated velocities:

doL 0L . . 9 :

T op =M + ma(—gp sin(p) — ¢ Cos(ga)) = —Asin(p),

doL 0L y ; 2 .

—— — — =my +ma cos(p) — ¢p” sin = Acos(y),

@oy oy~ ™ tmal $eos(e) — ¢sin(p)) () an
doL 0L N - dr . . .

T35 Ty (I +ma)@ +ma— [—:E sin(p) + yCOS(w)}

+ ma (i cos(ip) + ysin(p)) = 0.
Next, we take linear combinations of the first two equations with factors cos(y) and sin(p)
such that the term with ¢ cancels in one of the equations, and remains without sine or
cosine in the second. Also recognizing v and w in the third equation, we get
m(& cos(p) + & sin(p) — ap?) =0,
m(—isin(p) + g cos(p) + ap) = A,
(I +ma®)@ +ma(w + ¢v) = 0.

Furthermore, we calculate

b= dcos(p) + fsinp) + (—sin(p) + geos(p))p = i cos(p) + Fsin(p) + we,
w = —Fsin(p) + g cos(p) — ( i cos(p) + ysin(p))¢ = —isin(p) + §j cos(p) — v
and recognize these terms in the first two equations. We conventionally denote w = ¢ and
rewrite our equations as
m(v — ww — aw?) = 0,
m(w + vw + aw) = A,
(I +ma*)w + ma(i + vw) = 0.

2In abstract terms, we are constructing a ‘moving frame’ aligned with the constraint distribution D.
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Finally, w = 0 also implies that w = 0. Inserting this, we obtain the differential equations

mavw
I + ma?’

with Lagrange multiplier A = m(vw + aw) giving rise to the constraint force

V= an, w = (12)

F, = m(vw + ai) (‘2222‘3) . (13)
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Figure 4: Phase plot of the (v,w) coordin-  Figure 5: Trajectory plot associated to the
ates with m =T =1 and a = 1/5. red orbit in Figure [4]

These equations give rise to the phase plot in Figure [d A typical trajectory of the skate
point of contact is shown in Figure [f] We see that the solutions look like half-ellipsoids
starting from the negative v axis and converging onto the positive v axis. When v is
positive and w = 0 then the sleigh is moving in a straight line with the center of mass
forward of the skate. This turns out to be the stable solution, while the opposite direction
is unstable. Note that this cannot happen in ‘normal’ Lagrangian systems. It can be
shown that in that case the eigenvalues of the linearization about a fixed point must
always appear in pairs or quadruples that are symmetric about the real and imaginary
axis. Here, the fixed points on the v axis have one zero eigenvalue and one negative or
positive eigenvalue when v < 0 or v > 0, respectively.

4 The sleigh with sliding friction

Now we shall obtain the Chaplygin sleigh equations in a different way. Instead of
enforcing the no-slip constraint w = 0 with the constraint reaction force F., we consider
the same Lagrangian, now without constraint, but we add a friction force F;. Then we
scale the friction force to infinity and obtain the nonholonomic Chaplygin sleigh equations
in the limit.

This idea can be physically motivated in the following way. A nonholonomic system with
a no-slip constraint is a mathematical idealization of a physical system where there is a



(very) strong force that prevents the system from going into slip. Think of a car driving
with rubber tires on tarmac: when you steer the car into a turn, there is sufficient friction
to keep the tires from slipping sideways. However, when you drive the same car over
an icy road, there may not be enough friction, and you can easily start slipping. By
showing that scaling the friction force to infinity leads to nonholonomic dynamics, we
provide a fundamental physical /mathematical argument for the d’Alembert principle of
nonholonomic dynamics.

We start with the same Lagrangian , but now insert a friction force Fy on the right-
hand side. The friction force is supposed to suppress sideways sliding of the skate blade,
which is given by the velocity w = —isin(g) + ¢ cos(¢). We take the friction force linear
in the slipping velocity and pointing in the opposite direction to dampen it. Thus we

have] e (_;r;((?)) | "

Note that this force acts at the point of contact of the skate, so there is no associated
torque around that point. Secondly, note that Fy is zero when w = 0 (as opposed to F,),
so this finite force as it is does not enforce the nonholonomic constraint. We insert Fy/e
into the right-hand side of , so that we can scale the friction force to infinity by taking
the limit ¢ — 0. This yields

w

mi + ma(—@sin(p) — $* cos(p)) = - sin(yp),
mij + ma( @cos(p) — @ sin(p)) = —% cos(yp), (15)

(I +ma®)@ + mag (& cos() + ysin(p)) = 0.
As in the previous section, we can rewrite these equations as

U — ww — aw? = 0,
w

W+ w4+ aw = ——,
me

(I +ma®)w + ma(w + vw) = 0,

but now we cannot insert the constraint condition w = 0. Instead, we shall analyze the
dynamics and see that when € > 0 is small, w(t) will quickly converge to near zero. This
will imply that the other two equations will effectively behave as if the constraint w = 0 is
active.

To obtain a differential equation for w, we subtract from the second equation —%— times

I+ma?
the third to make the term with w cancel. This gives
I i w
Tema Ot =g (16)

Note that when ¢ is small, this gives fast exponential decay of w. We shall now assume
that the typical rate at which w(t) changes is much faster than that of v(¢) and w(t). That
is, we consider w as fast variable and v, w as slow variables. Further conclusions based

3We could have obtained this friction force more geometrically from a Rayleigh dissipation function

R(g,v) = 3g4(v*,vt), where v is the projection of v onto D+, the distribution orthogonal to D. Then

Fy is given by minus the fiber derivative of R.



on this can be made rigorous using singular perturbation theory, but we postpone these
arguments and focus on obtaining the result.

Thus we assume in |(16)| that v, w are approximately constant and obtain as solution

W W I + ma?
)= () + ) - i = L i
wit) = (w0) + ) =2 with p = a7)
This quickly settles to w(t) = —%, so for the slow dynamics of v,w we insert this relation,
which gives
Im mavw d
S 2 2 o 2
V= aw +€mvw , w——m+51m CL&[U(JJ}. (18)

In these differential equations ¢ only appears in the numerator and the £ multiplying the
time derivative of (vw) does not lead to singular equations, so we can sensibly take the limit:
we simply insert € = 0 to arrive at the original equations for the nonholonomically
constrained Chaplygin sleigh. This is also confirmed by the numerical integration of this
system: with decreasing values of €, the trajectories converge to the trajectory of the
nonholonomic system, see Figure [6]

-2

Figure 6: The red orbits are trajectories of the sleigh with friction with indicated parameter
values €. These clearly converge to the nonholonomic trajectory in blue.

4.1 Making the limit rigorous

In the previous section we argued that the dynamics of w is fast relative to the dynamics
of (v,w) and therefore we can first solve for the equilibrium of w as a function of (v,w)
and then the dynamics of (v,w) with the equilibrium of w substituted. This can be
made rigorous using singular perturbation theory and the underlying theory of normally
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hyperbolic invariant manifolds (abbreviated as NHIM). For an introduction to this theory
see e.g. [Kap99; |Jon95].

Let us analyze the situation a bit more abstractly. We have a system of differential
equations of the form

T = fa(xay)7 19
Y= égg(:lr,y)- (1)

In our case, we have x = (v,w) as ‘slow variables’ and y = w as ‘fast variable’. Note that
f and g are assumed to depend smoothly on the parameter ¢, but the factor 1/¢ in the
second equation generates a singularity at ¢ = 0.

To deal with this singularity, we simply multiply the right-hand side of both equations
by €. This can be seen as describing the system with a fast time variable 7 = t/e. We
indicate differentiation by 7 with a prime instead of a dot: ' = g—f. Note that the original

system |(19)| and the rescaled version

o' =ef(z,y),

Y = ge(,y) (20)

generate solution curves that are equivalent up to a time rescaling for any ¢ > 0. However,
the rescaled system is well-defined (i.e. regularized) for € = 0.

Now, furthermore assume that
1. go(x,0) = 0, that is, the fast system has an equilibrium at y = 0 for all x,

2. the family of equilibria are hyperbolic with respect to y, that is, the Jacobian %—Q;(x, 0)
has all eigenvalues off the imaginary axis, and that the Jacobian depends smoothly
on x.

From the first condition we see that the set M = {y = 0} forms an invariant manifold the
system for e = 0 (more specifically, it consists of fixed points). The second condition
says that M is hyperbolic in the normal directions. Hence, we say that M is a normally
hyperbolic invariant manifold.

Note that our system satisfies both assumptions: when |(16)|is rescaled and & = 0 set, then

it reduces to
. I+ ma?
W= ————w.
Im
This clearly has an equilibrium at w = 0 with one negative eigenvalue, hence the set

D = {w = 0} is a normally attractive invariant manifold, a special case of a NHIM.

Now, a NHIM M persists under small perturbations. This means that if we change from
£ =0 to a small € > 0, then there is a unique manifold M, that is still invariant under the
system |(20)| with that . This manifold is of the form

M. =A{y = he(z)}

where h is a function that depends smoothly on x and the parameter . Thus, the fast
variable y depends on (or as it is called: ‘is slaved to’) the slow variable z. This means
that we can plug that into the slow equation and obtain

v =cef.(x,h(z))
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as a differential equation that is well-defined on the invariant set M. (which is moreover
attractive in our case).

Now that we have eliminated the fast variable y, we can rescale the slow equations back
to the original time by dividing by . This gives

T = fo(x, he(x)).

Finally, unlike the original full system [(19)] this equation has a well-defined limit for £ — 0.
This is

&= fo(x,0) (21)
since hg = 0 by the assumption that My = M = {y = 0}. This is precisely what we
already calculated in the previous section by substituting w = 0 into the equations for v
and w.
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